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RATIONALLY CONVEX DOMAINS AND SINGULAR LAGRANGIAN
SURFACES IN C2
STEFAN NEMIROVSKI AND KYLER SIEGEL
Abstract. We give a complete characterization of those disk bundles over surfaces which
embed as rationally convex strictly pseudoconvex domains in C2. We recall some classical
obstructions and prove some deeper ones related to symplectic and contact topology. We
explain the close connection to Lagrangian surfaces with isolated singularities and develop
techniques for constructing such surfaces. Our proof also gives a complete characterization
of Lagrangian surfaces with open Whitney umbrellas, answering a question first posed by
Givental in 1986.
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1. Introduction
A compact set X ⊂ CN is called rationally convex if for every point p /∈ X there exists
a complex algebraic hypersurface H ⊂ CN such that p ∈ H and X ∩ H = ∅. Rational
convexity is one of several notions of convexity which play an important role in several
complex variables. Together with polynomial convexity and holomorphic convexity, it fits
into a hierarchy
polynomially convex =⇒ rationally convex =⇒ holomorphically convex
(see the introduction to [CE2] for a good summary).
From a complex analytic point of view, one reason for interest in rationally convex sets
is the following variant of the classical Oka–Weil theorem (see [Sto, p. 44]):
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Theorem 1.1. Any holomorphic function on a neighborhood of a rationally convex set X
can be approximated uniformly on X by rational functions.
In this paper we are interested in the case that X is the closure of a strictly pseudoconvex
domain.
The main question we wish to address is the following.
Question 1.2. For X rationally convex, which smooth manifolds can X be?
In high dimensions, the following recent result gives a complete answer.
Theorem 1.3. (Cieliebak–Eliashberg [CE2]) Let W ⊂ CN be a smoothly bounded domain,
with N > 2. Then W is (smoothly) isotopic to a strictly pseudoconvex domain with ratio-
nally convex closure if and only if it admits a Morse function φ : W → R without critical
points of index greater than N , and such that ∂W is the maximal regular level set of φ.
Their proof utilizes recent breakthroughs in symplectic flexibility, namely an h-principle
for Lagrangian caps [EM], which in turn relies on loose Legendrians [Mur]. These are a
special class of Legendrian submanifolds which satisfy an h-principle, but they only exist
in dimensions greater than 1. Hence other techniques are needed to construct rationally
convex domains in C2.
Notation 1.4.
• Let D(χ, e) denote the D2-bundle over an orientable surface of Euler characteristic
χ, with Euler number e.
• Let D˜(χ, e) denote the D2-bundle over a non-orientable surface of Euler character-
istic χ, with Euler number e.
Remark 1.5. Throughout the paper we will implicitly assume that all 3-manifolds and
4-manifolds are oriented and all diffeomorphisms are orientation preserving. In particular,
we assume that the disk bundle D˜(χ, e)→ Σ has the same first Stiefel–Whitney class as the
tangent bundle TΣ → Σ. Then [Σ] ∈ H2(Σ;Zω1) ∼= Z and e(D˜(χ, e)) ∈ H2(Σ;Zω1) ∼= Z,
so e ∈ Z is well-defined.
Our main result is:
Theorem 1.6. There exist strictly pseudoconvex domains in C2 with rationally convex
closures diffeomorphic to the following disk bundles:
• D(χ, 0) for χ 6= 2.
• D˜(χ, e) for (χ, e) 6= (1,−2) or (0, 0) and e ∈ {2χ − 4, 2χ, 2χ + 4, ...,−2χ − 4 +
4bχ/4 + 1c}.
Moreover, these are the only possibilities.
Observe that new features appear in the case of C2 which are absent in higher dimensions
by Theorem 1.3. It is well-known that there are additional obstructions to constructing
Stein structures in (real) dimension 4, beyond homotopy theory, due to restrictions on the
framings of handle attachments. These translate into constraints on the topology of strictly
pseudoconvex domains in C2 (see §3). The essence of Theorem 1.6 is that although almost
all disk bundles admitting strictly pseudoconvex embeddings can also be embedded in a
rationally convex way, there are two notable exceptions – D˜(1,−2) and D˜(0, 0) – which are
obstructed by more subtle symplectic geometry (see §5 and §6).
The constructive part of Theorem 1.6 relies on Lemma 4.2, which states that a Lagrangian
surface with singularities modeled on cones over Legendrian unknots gives rise to a certain
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rationally convex disk bundle. Such singularities can always be “split” into cones over a
certain basic Legendrian knot Lu, and the cone over Lu is interchangeable with the open
Whitney umbrella introduced by Givental (see §7). Our constructions can therefore be
understood in terms of Lagrangian surfaces with open Whitney umbrellas and our proof
classifies such surfaces.
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2. Connections with symplectic topology
In this section we explain how to understand and construct rationally convex domains
from a symplectic topological viewpoint. We begin by recalling some basics of strictly
pseudoconvex domains.
Definition 2.1. A smoothly bounded domain W ⊂ CN is strictly pseudoconvex if it admits
a strictly plurisubharmonic defining function1, i.e. a function φ : W → R such that
• ddcφ(v, iv) > 0 for all nonzero v ∈ TW , where dcφ(·) := −dφ(i·),
• ∂W is the maximal regular level set of φ
Recall that ωφ := dd
cφ is a symplectic structure on W . By a small perturbation, we
can always assume φ is Morse. Then with respect to the natural Riemannian metric
gφ(·, ·) := ωφ(·, i·), the stable manifolds of φ are ωφ-isotropic. In particular, φ has critical
points of index at most N . Moreover, the 1-form λφ = d
cφ restricts to a contact structure
on ∂W .
The following theorem gives a symplectic characterization of rationally convex domains.
Theorem 2.2. (Duval–Sibony [DS], Nemirovski [Nem3]) The closure of a strictly pseudo-
convex domain W ⊂ CN is rationally convex if and only if it admits a strictly plurisub-
harmonic defining function φ : W → R such that ωφ := ddcφ extends to a Ka¨hler form on
CN .
Remark 2.3. (See Remark 3.4 of [CE2]) We can always assume the extension of ωφ agrees
with ωstd outside of a compact set.
The following proposition will be our key tool for constructing rationally convex domains.
Proposition 2.4. (Proposition 3.8 of [CE2], augmented with results from Chapter 8 of
[CE1]) Let W be a strictly pseudoconvex domain in a complex manifold V . Suppose there
exists a strictly plurisubharmonic defining function φ : W → R such that ddcφ extends to
a Ka¨hler form ω on V . Let ∆ ⊂ V \W be a real analytic k-disk, complex-orthogonally
attached to ∂W along ∂∆, such that ω|∆ ≡ 0. Then for every open neighborhood U of
W ∪ ∆ there exists a strictly pseudoconvex domain W˜ ⊂ U with W ⊂ W˜ and a strictly
plurisubharmonic defining function for W˜ such that
• φ˜|W = φ, and φ˜ has a unique index k critical point in W˜ \W whose stable manifold
is ∆;
1In the terminology of Cieliebak–Eliashberg, the closure of a smoothly bounded strictly pseudoconvex
domain is called an i-convex domain, and a strictly plurisubharmonic function is called an i-convex function.
In this paper, “domain” means open connected set.
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• ddcφ˜ extends to a Ka¨hler form ω˜ on V which agrees with ω outside U .
Moreover, if ∆′ ⊂ V \W is a submanifold such that ∆ ⊂ ∆′ and ω|∆′ ≡ 0 which is attached
complex-orthogonally to ∂W along ∂∆′, then we can further assume that ω˜|∆′ ≡ 0 and ∆′
is complex-orthogonal to ∂W˜ .
This should be compared with Eliashberg’s fundamental result on the existence of Stein
structures [Eli1], which shows that strictly pseudoconvex domains can be built by induc-
tively attaching totally real handles. Proposition 2.4 may be viewed as a generalization of
the result of Duval and Sibony [DS] that any embedded Lagrangian in CN has an arbi-
trarily small rationally convex tubular neighborhood. We explain in §4.2 how to use it to
construct rationally convex disk bundles from Lagrangians with certain singularities.
3. Obstructions
If Σ is an embedded orientable surface in C2, the normal Euler number e is also the
homological self-intersection number [Σ] · [Σ], which of course vanishes since C2 has trivial
second homology. For non-orientable Σ ⊂ C2 the situation is more interesting, thanks to
the following theorem, originally conjectured by Whitney.
Theorem 3.1. (Massey [Mas]) For Σ ⊂ C2 an embedded, non-orientable surface, the
normal Euler number e takes values in the finite set
{2χ− 4, 2χ, ...,−2χ, 4− 2χ}.
Moreover, each of these values is realized by some embedded surface.
For our purposes, we can rephrase the above as
• D(χ, e) smoothly embeds in C2 if and only if e = 0
• D˜(χ, e) smoothly embeds in C2 if and only if e ∈ {2χ− 4, 2χ, ...,−2χ, 4− 2χ}.
As mentioned in the introduction, there are also restrictions on which disk bundles can
be endowed with Stein structures, most easily seen from the following adjunction inequality
for Stein surfaces which can be proved using Seiberg–Witten theory.
Theorem 3.2. (Akbulut–Matveyev [AM], Lisca–Matic´ [LM], Nemirovski [Nem1, Nem2])
If S is a Stein surface and Σ ⊂ S is a connected smooth orientable surface, then
[Σ] · [Σ] + | c1(S) · [Σ] | ≤ 2g(Σ)− 2,
unless Σ is a homotopically trivial embedded two-sphere.
Taking orientable double covers, together with constructions by Forstnericˇ [For2], we
have (cf. [Nem2] and [For3, Chapter 9]):
Theorem 3.3. D(χ, e) has a strictly pseudoconvex embedding in C2 if and only if e = 0
and χ ≤ 0. Similarly, D˜(χ, e) has a strictly pseudoconvex embedding in C2 if and only if
e ∈ {2χ− 4, 2χ, 2χ+ 4, ...,−2χ− 4 + 4bχ/4 + 1c}.
A special case of these embeddings is given by tubular neighborhoods of totally real
surfaces. Recall that, for a totally real surface Σ ⊂ C2, the normal Euler number e is equal
to −χ(Σ). This implies the well-known fact that T2 is the only orientable totally real (in
particular Lagrangian) surface in C2. If Σ is non-orientable and totally real, we must have
−χ ≡ 2χ (mod 4), i.e χ ≡ 0 (mod 4). All of these values are indeed realized by a version
of Gromov’s h-principle for totally real embeddings due to Kharlamov and Eliashberg, see
[For1].
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Figure 1. A Legendrian wavefront diagram.
If the surface Σ is Lagrangian, it is a fortiori rationally convex by [DS]. Using generating
functions, Givental [Giv] gave a beautiful construction of Lagrangian embeddings in C2
for all non-orientable surfaces with non-zero χ ≡ 0 (mod 4), and he conjectured that the
Klein bottle K2 admits no such embedding. This was finally settled by Shevchishin (see
also [Nem4]):
Theorem 3.4. (Shevchishin [She]) The Klein bottle does not admit a Lagrangian embedding
into (R4, ωstd).
4. Constructions
4.1. Legendrian links and Lagrangian cobordisms. Recall that a closed curve (pos-
sibly with multiple components) in R2xz with cusps and without vertical tangencies, as in
Figure 1, gives rise to a Legendrian link in (R3xyz, αstd = dz − ydx) by setting y = dz/dx.
Two such curves give rise to Legendrian isotopic links if and only if they are related by
a sequence of Legendrian Reideimester moves, shown in Figure 2 (see for example [Etn]).
Similarly, a surface with cusps and without vertical tangencies in R3x1x2z, as in Figure 3,
gives rise to a Lagrangian surface in (R4x1x2y1y2 , ωstd = dx1 ∧ dy1 + dx2 ∧ dy2) by setting
y1 = dz/dx1 and y2 = dz/dx2 (and forgetting the z component). We call the curve or
surface a wavefront for the corresponding Legendrian or Lagrangian. Note that Figure 3
corresponds to an immersed Lagrangian sphere with one self-intersection point, known as
the Whitney sphere.
For later use, we recall two basic tools for constructing Lagrangian cobordisms via Leg-
endrian knot theory. Let Rt × R3xyz denote the symplectization of (R3, ξstd), endowed with
its natural symplectic form ωs := d(e
t(dz − ydx)). Although we state the following results
in terms of symplectizations, they can easily be translated into results about Lagrangians
in (R4x1y1x2y2 , ωstd) using the symplectomorphism
Φ : R× R3 → R4+ = {(x1, y1, x2, y2) : x2 > 0}
Φ(t, x, y, z) = (x, ety, et, z).
For Legendrian links L1, L2 ⊂ (R3, ξstd), a Lagrangian cobordism from L1 to L2 is a compact
Lagrangian submanifold Σ ⊂ [a, b]×R3 ⊂ R×R3 which coincides with [a, b]×L1 on [a, b]×R3
and with [c, d]× L2 on [c, d]× R3, for some a < b < c < d.
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Figure 2. Legendrian Reidemeister moves (we also include the 180 degrees
rotations of each of these diagrams about the coordinate axes).
Figure 3. A wavefront diagram for a Lagrangian Whitney sphere.
(1) Suppose L1, L2 ⊂ (R3, ξstd) are Legendrian links which are Legendrian isotopic.
Then there is a Lagrangian cobordism from L1 to L2 which is diffeomorphic to
R× [0, 1]. (See [Cha, Theorem 1.2] or [EG, §4.2.3].)
(2) Suppose L ⊂ (R3, ξstd) is a Legendrian link, and L′ another Legendrian link whose
wavefront diagram is obtained from that of L by connecting two inward facing
cusps as in Figure 4. Then there is a Lagrangian cobordism from L to L′ which
is diffeomorphic to the result of attaching a one-handle to L × [0, 1] along the two
cusps (see for example [EHK]).
We note in (2) that if the two cusps lie on the same connected component of L, the
framing on the one-handle is compatible with an orientation on L if and only if the local
orientations near the cusps point in the opposite vertical directions (i.e. one up and one
down). Otherwise, the one-handle is disorienting and the resulting cobordism necessarily
is non-orientable. In particular, if L is connected, the cobordism is diffeomorphic to either
a real projective plane with two disks removed or a two-sphere with three disks removed.
4.2. Cones over Legendrian knots. For a Legendrian knot2 L ⊂ (S3, ξstd), let Cone(L) ⊂
(B4, ωstd) be given by
Cone(L) = {tx : x ∈ L, 0 ≤ t ≤ 1}.
2We reserve the term knot for links with a single connected component.
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Figure 4. A local picture showing a cusp connected sum of two Legendrians,
which gives rise to an elementary Lagrangian cobordism.
Note that Cone(L) \ {0} is Lagrangian.
Definition 4.1. We say that Σ ⊂ C2 has a singularity at a point p ∈ Σ modeled on Cone(L)
if p has a small neighborhood U in C2 which is Ka¨hler isomorphic to the ball centered at
the origin of radius r in (C2, ωstd), for some small r > 0, and such that U ∩Σ is mapped to
rCone(L′) = {tx : x ∈ L′, 0 ≤ t ≤ r}, where L′ ⊂ (S3, ξstd) is a Legendrian knot which
is Legendrian isotopic to L. We will sometimes refer to U as a model neighborhood of the
singularity at p.
Lemma 4.2. Let Σ ⊂ C2 be an embedded Lagrangian apart from a finite list of singu-
larities modeled on Cone(L1), ...,Cone(Ln), where L1, ..., Ln ⊂ (S3, ξstd) are Legendrian
unknots. Then there exists a strictly pseudoconvex domain in C2 with rationally convex
closure diffeomorphic to the disk bundle over Σ with Euler number
e = −χ(Σ) +
n∑
i=1
(tb(Li) + 1). (1)
Recall that the Thurston–Bennequin number tb(L) of a Legendrian L ⊂ S3 is defined to
be the self-linking number of L with respect to the contact framing. It can be computed
from a wavefront diagram by the formula tb = writhe− 1
2
#cusps, where writhe is a certain
signed count of crossings (see [Etn, §2.6]).
Before proving Lemma 4.2, we need a technical lemma to achieve the real analyticity
condition of Proposition 2.4.
Lemma 4.3. Let Σ ⊂ C2 be as in Lemma 4.2, and let Σ′ denote the surface obtained by
removing n open disks around the singularities from Σ. Then we can find disjoint open
balls U1, ..., Un ⊂ C2 and a real analytic Lagrangian embedding Σ˜ ⊂ C2 \ (U1 ∪ ... ∪ Un),
smoothly isotopic to Σ′, such that
(1) for 1 ≤ i ≤ n, Σ˜ ∩ ∂Ui is a real analytic Legendrian in ∂Ui which is Legendrian
isotopic to Li (viewed as living in ∂Ui)
(2) Σ˜ is complex orthogonal to the boundaries of the balls.
Proof. Firstly, Corollary 6.25 in [CE1] states that each Li is Legendrian isotopic to a real
analytic Legendrian L˜i ⊂ ∂Ui. Using the results of §4.1, we can therefore find a (not
necessarily real analytic) Lagrangian S ⊂ C2 \ (U1 ∪ ... ∪ Un) satisfying the two conditions
of the lemma.
Let S+ ⊃ S be a slight extension of S, still compact, which includes a finite part of
Cone(L˜i) ⊂ Ui for each i. Following a similar outline to the proof of Corollary 6.25 in
[CE1], we can find a real analytic Lagrangian S˜+ which is C∞-close to S+. In more detail,
let φ : C2 → C2 be a C∞-small diffeomorphism such that S ′ := φ−1(S+) is a real analytic
submanifold. Note that S ′ is Lagrangian with respect to φ∗ωstd, and φ∗λstd induces a smooth
(but not necessarily real analytic) section of the real analytic vector bundle T ∗C2 → C2,
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where λstd is a standard primitive 1-form for ωstd. Let β be a real analytic closed 1-form
on S ′ which is C∞-close to the closed 1-form (φ∗λstd)|S′ . Since TS ′ ⊂ TC2|S′ is a real
analytic subbundle, we can extend β to a real analytic 1-form on C2 (still denoted by β)
which is C∞-close to φ∗λstd. In particular, we can assume that dβ is non-degenerate. By
construction, S ′ is Lagrangian with respect to dβ and dβ is real analytic.
We can now apply Moser’s theorem to the family of real analytic symplectic forms ωt :=
(1 − t)dβ + tωstd, noting that the time dependent vector field we must integrate in order
to perform Moser’s trick is in this case real analytic and C∞-small. The result is a family
φt : C2 → C2 of C∞-small real analytic diffeomorphisms such that φ∗tωt = dβ. Then
S˜+ := φ1(S
′) is real analytic, C∞-close to S+, and Lagrangian with respect to ωstd.
Now since S˜+ is both real analytic and Lagragian, we can find a Weinstein neighborhood
which is real analytic (with respect to the natural real analytic structure on T ∗S˜+ which
makes the canonical symplectic form real analytic). In particular, we can view S as a
Lagrangian submanifold of T ∗S˜+ with real analytic boundary. Since S is also C∞-close to
the zero section S˜+ ⊂ T ∗S˜+, we can view it as the graph of a closed 1-form θ defined on
the image of S under the projection Π : T ∗S˜+ → S˜+. Assume we have a decomposition
θ = θ˜+ df , where θ˜ is a real analytic closed 1-form and f : Π(S)→ R is a smooth function
(this follows for example by Hodge theory). By Theorem 5.53 of [CE1], we can a find
real analytic approximation f˜ of f which has the same 2-jet as f along ∂Π(Σ′). Then
Σ˜ := graph(θ˜ + df˜) satisfies the two conditions of the lemma (since S does) and is real
analytic and Lagrangian by construction. 
Proof of Lemma 4.2. Using a triangulation of Σ such that each singular point is a 0-cell,
we can start with a rationally convex neighborhood U consisting of a small ball Ui around
each 0-cell (see [Nem3]), and by Lemma 4.3 we can assume the complementary part of Σ
is real analytic and complex orthogonal to the boundary of U . Now use Proposition 2.4 to
surround the 1-cells and 2-cells. Let V denote the resulting domain in C2.
Observe that V is diffeomorphic to a disk bundle over Σ. Indeed, as a smooth manifold
we can identify V \ U with a smooth disk bundle over Σ \ U . Since each singularity is
modeled on a cone over a smooth unknot, we can find a smoothly embedded disk Di ⊂ Ui
which coincides with Σ near ∂Ui. We can therefore smoothly identify Ui with a disk bundle
over Di in such a way that the disk bundle structures on U and V \ U fit together to give
V the structure of a disk bundle over Σ.
To compute the Euler number e of the resulting disk bundle, pick a vector field on Σ \U
which has χ(Σ)−n non-degenerate zeroes (counted with appropriate signs) and is tangent
to each Li. Equivalently, using complex multiplication to identify the tangent bundle with
the normal bundle, we find a section v of the normal bundle of Σ \U , with −χ+n zeroes3,
such that v gives the contact framing along each Li. Using the definition of tb as a linking
number, we observe that each Li bounds a smooth disk in its corresponding ball, and v
extends over this disk with tb(Li) zeroes. Since the count of zeroes of v computes e, (1)
follows. 
Remark 4.4. Note that the cone over the trivial Legendrian knot (with tb = −1 and
rotation number rot = 0) is equivalent to just a smooth Lagrangian disk. More precisely,
if Σ ⊂ C2 has a singularity modeled on the cone over the trivial Legendrian knot, we
3The sign discrepancy arises because, for an oriented Lagrangian plane P ⊂ C2, we have P ⊕ iP = C2,
but the induced orientation on P ⊕ iP as a direct sum is the opposite of the orientation on C2 as a complex
vector space.
8
Figure 5. Three different wavefront diagrams of the Legendrian unknot Lu
with tb = −2 and rot = ±1.
can remove from Σ a small model neighborhood of the singularity and glue in a smoothly
embedded Lagrangian disk. Here we are relying on (1) from §4.1 to know that only the
Legendrian isotopy class is relevant, together with the fact that the boundary of any La-
grangian plane in (B4, ωstd) is, up to Legendrian isotopy, the trivial Legendrian knot.
Remark 4.5. Let Lu be the Legendrian unknot with tb = −2 and rot = ±1, as in Figure 5.
The cone over this Legendrian can be thought of as a fundamental building block for more
complicated singularities of Lagrangian surfaces. Indeed, by the Eliashberg–Fraser theorem
[EF] any Legendrian unknot L in (S3, ξstd) can be viewed as a connected sum of n = −1−
tb(L) copies of Lu. Using §4.1(1), this shows that there is a Lagrangian disk in (B4, ωstd)
with boundary L ⊂ S3 which is smoothly embedded apart from n Cone(Lu) singularities.
That is, we can always replace a Cone(L) singularity by n Cone(Lu) singularities.
4.3. The cone over Lu and its non-exact smoothing. Our goal in this subsection
is to explain how a Cone(Lu) singularity on a non-orientable surface can be “smoothed”,
removing a small neighborhood of the singular point and gluing in a smoothly embedded
Lagrangian Mo¨bius strip. A natural first guess is that Lu bounds a smoothly embedded
Lagrangian Mo¨bius strip in (B4, ωstd), which would certainly give such a smoothing pro-
cedure. This turns out to be false, as can be seen for example using Legendrian contact
homology (see [Ekh] for the relevant results in our context). Namely, such a Lagrangian
filling would necessarily be exact, since the first real homology group of the Mo¨bius strip is
generated by its boundary cycle. This implies that the contact homology differential graded
algebra of Lu admits an augmentation. On the other hand, Lu is a stabilized Legendrian
knot, and the differential graded algebra is known to be trivial for stabilized Legendrians.
In particular, it admits no augmentation.
Nevertheless, this guess is actually very close to being true: we can find a Lagrangian
Mo¨bius strip in (B4, ωstd) whose (non-Legendrian) boundary is arbitrarily C∞-close to Lu.
Explicitly, for A > 0 let ΓA : R2 → C2 be given by
ΓA(s, T ) = A
(
− i√
2
√
1 + T 2e2is, T e−is
)
.
This is, up to a change of variables, a special case of a family of Lagrangian immersions
discovered by Castro–Lerma, denoted by Υ1,2 in [CL]. A straightforward computation
reveals that
• ΓA(s + pi,−T ) = ΓA(s, T ), and ΓA descends to a Lagrangian embedding of the
unbounded Mo¨bius strip (R× R)/ ((s, T ) ∼ (s+ pi,−T )).
• For A < √2 and TA :=
√
2
3
(
1
A2
− 1
2
)
, the image ΓA([0, pi) × [−TA, TA]) is a
Lagrangian Mo¨bius strip in the unit ball with boundary transverse to the standard
contact structure on the unit sphere.
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• As A → 0, the image ΓA(R × (R \ {0})) converges in C∞ to the Lagrangian cone
over a fixed parametrization of the Legendrian knot Lu.
To clarify the last point, we can perform the rescaling T 7→ T/A (which does not affect the
image) and, for T 6= 0, the parametrization
ΓA(s, T/A) =
(
− i√
2
√
A2 + T 2e2is, T e−is
)
.
converges to
G(s, T ) =
(
− i√
2
|T |e2is, T e−is
)
.
Here G(s, T ) parametrizes the Lagrangian cone over a Legendrian unknot L, with L
parametrized by
s 7→
(
− i√
3
e2is,
√
2√
3
e−is
)
, s ∈ [0, 2pi).
To identify this Legendrian as Lu (up to Legendrian isotopy), observe that L bounds the
surface
{(z, w) ∈ C2 : 2z = −i
√
3w2}
with the orientation opposite to that induced by the projection to the w-axis. This surface
is a disk with one negative hyperbolic complex point at the origin, see [For3, §9.2]. For
such a surface S in the unit ball with Legendrian boundary and generic complex points,
there is a relative version of Lai’s formulas [Lai] that is obtained by a suitable modification
of the arguments in [For3, §9.4]. Namely,
tb(∂S) + χ(S) = e+ + e− − h+ − h−
rot(∂S) = e+ − e− − h+ + h−,
where e± and h± are the numbers of positive/negative elliptic and hyperbolic complex
points on S. It follows that tb(L) = −2 and rot(L) = 1. Hence L is Legendrian isotopic to
Lu by the Eliashberg–Fraser theorem [EF].
Figure 6 shows a wavefront illustration of the Mo¨bius strip ΓA for a small value of A > 0,
along with the limiting case as A→ 0. Note that the left wavefront does not close up since
ΓA is not exact.
Now suppose Σ is a non-orientable Lagrangian surface with isolated singularities in a
symplectic four-manifold, and let p ∈ Σ be a Cone(Lu) singularity which we wish to smooth.
We can assume p has a neighborhood U such that the pair (U,Σ∩U) is symplectomorphic to
the cone over Lu in a small ball Br ⊂ (R4, ωstd) of radius r. Let V be a small neighborhood
of the other singular points of Σ. Then Σ′ := Σ \ (Br/2 ∪ V ) is a smooth surface with one
boundary component for each singularity, where Br/2 denotes the ball of radius r/2 in Br ⊂
U . In particular, by Weinstein’s Lagrangian neighborhood theorem we can symplectically
identify a small tubular neighborhood of Σ′ with a neighborhood of Σ′ in T ∗Σ′.
Using ΓA, we can find a Lagrangian Mo¨bius strip M ⊂ Br whose intersection with the
annular region Ar := Br \ Br/2 is arbitrarily C∞-close to Cone(Lu) ∩ Ar = Σ′ ∩ Ar. In
particular, we can assume M ∩ Ar is given by the graph of a C∞-small closed 1-form θ on
Σ′ ∩ Ar. Since H2(Σ′, ∂Σ′;R) = 0 for a non-orientable Σ′, we can find a C∞-small closed
1-form θ˜ on Σ′ which agrees with θ on Σ′∩Ar and which vanishes near the other boundary
components of Σ′. Since the graph of θ˜ over Σ′ lies in the given Weinstein neighborhood
10
Figure 6. Left: A wavefront diagram for a (non-exact) Lagrangian Mo¨bius
strip with (non-Legendrian) boundary approximating Lu. Note that the up-
per and lower sheets are glued together along the outer parabola-shaped arcs.
Right: the limiting case, the cone over the Legendrian Lu.
of Σ′, it glues smoothly to M and agrees with Σ′ near the other singularities, i.e. we can
replace Σ ∩ U with M and leave the other singularities unchanged.
In summary:
Proposition 4.6. Given a non-orientable Lagrangian surface Σ with isolated singularities
in a symplectic four-manifold, we can replace a Cone(Lu) singularity with a smoothly em-
bedded Lagrangian Mo¨bius strip, so that the resulting Lagrangian surface agrees with Σ near
the other singular points.
Remark 4.7. If Σ is orientable, the above argument does not quite go through, since
H2(Σ′, ∂Σ′;R) 6= 0 for Σ′ an orientable surface. In fact, the obstruction to extending a
closed 1-form θ from ∂Σ′ to Σ′ is precisely the integral of θ over ∂Σ′ (oriented as the bound-
ary of Σ′). Therefore the same argument shows that we can replace a pair of Cone(Lu)
singularities with a pair of smoothly embedded Lagrangian Mo¨bius strips if we assume
that small loops (with the induced orientations) around the two singularities have oppo-
site Maslov indices. Indeed, after possibly removing a model neighborhood of one of the
singularities and gluing in another cone modeled on the same Legendrian isotopy class
(cf. Remark 4.4), we can assume that the two singularities have symplectomorphic model
neighborhoods. Because of this symmetry, we can arrange that the integrals of θ around
the boundary circles of the model neighborhoods are either equal or opposite, depending on
the induced orientations on these circles. As explained in §4 of [Giv] in the context of open
Whitney umbrellas (see §7 for the connection with Cone(Lu) singularities), the Maslov
index around each singularity is ±2, and the sign flips when we reverse the orientation of
the corresponding boundary circle. We also note that if Σ in (R4, ωstd) is orientable with
only Cone(Lu) singularities, the Maslov indices of the singularities must sum to zero (cf.
Corollary 2 in [Giv]).
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Figure 7. A Lagrangian cylinder. A connected sum of two copies of Lu
yields the Legendrian unknot with tb = −3 and rot = 0, which bounds a
Lagrangian disk with two Cone(Lu) singularities. We then attach a 1-handle
along the two cusps indicated, which results in two unlinked trivial Legen-
drians.
4.4. Combinations of cones over Lu. In this subsection we introduce three useful ways
of combining Cone(Lu) singularities. Together with Proposition 4.6 these will form the
core of the constructive part of the proof of Theorem 1.6.
(a) Figure 7 illustrates how to construct a Lagrangian cylinder with two Cone(Lu) singu-
larities and with boundary a pair of unlinked trivial Legendrian knots. Note that this is
essentially equivalent to the disorienting handle in Figure 3 of [Giv].
(b) Figure 8 illustrates how to construct a Lagrangian Mo¨bius strip with three Cone(Lu)
singularities and with boundary the trivial Legendrian knot.
(c) Figure 9 illustrates how to construct a Lagrangian cylinder with four Cone(Lu) singu-
larities and with boundary a pair of once linked trivial Legendrian knots.
4.5. Constructing singular surfaces and rationally convex disk bundles. In this
subsection we complete the constructive part of the proof of Theorem 1.6 by constructing
Lagrangian surfaces with Cone(Lu) singularities and invoking Lemma 4.2.
For the orientable case, any smoothly embedded Lagrangian torus in C2 (for example
the Clifford torus) gives rise to a D(0, 0) as in Theorem 1.6. Similarly, using §4.4 (a), we
can connect any collection of g ≥ 1 disjointly embedded Lagrangian tori in C2 to form an
orientable Lagrangian surface of genus g with 2g − 2 Cone(Lu) singularities, and hence a
D(2− 2g, 0) as in Theorem 1.6.
For the non-orientable case, we need one additional example.
Example 4.8. Consider the Whitney sphere SW ⊂ C2 as in Figure 3. We can find a
small Darboux ball around the double point in which SW looks like the intersection of
two Lagrangian planes, with boundary a pair of once-linked trivial Legendrian knots. By
rescaling, we get a Lagrangian cap in C2 \B4 of the linked trivial Legendrians in (S3, ξstd).
We can similarly view the cylinder from §4.4(c) as lying in B4, and therefore these two pieces
glue together to give an embedded Lagrangian in C2 with four Cone(Lu) singularities. This
Lagrangian has vanishing Euler characteristic and therefore cannot be orientable, since then
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Figure 8. A Lagrangian Mo¨bius strip. A connected sum of three copies
of Lu yields the Legendrian unknot with tb = −4 and rot = ±1, which
bounds a Lagrangian disk with three Cone(Lu) singularities. We then attach
a 1-handle along the two cusps indicated, which results in the trivial Legen-
drian.
Figure 9. Another Lagrangian cylinder. A connected sum of four copies
of Lu yields the Legendrian unknot with tb = −5 and rot = 0. We then
attach a 1-handle along the two cusps indicated, which results in a pair of
once linked trivial Legendrians.
we could find a smooth embedding of D(0,−4) in C2, which does not exist (see §3). The
result is therefore a Lagrangian Klein bottle with four Cone(Lu) singularities and hence a
D˜(0,−4) as in Theorem 1.6.
Starting with Example 4.8, we can sequentially create and resolve singularities using
§4.4(b) and Proposition 4.6 to construct the rest of the non-orientable examples. This is
illustrated in Table 1.
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D˜(0,−4)
 ##
D˜(−1,−6)
 ##
D˜(−1,−2)
 ##
D˜(−2,−8)
 ##
D˜(−2,−4)
 ##
D˜(−2, 0)
 ""
D˜(−3,−10)
 ##
D˜(−3,−6)
 ##
D˜(−3,−2)
 ""
D˜(−3, 2)
 ""
D˜(−4,−12)
 ##
D˜(−4,−8)
 ##
D˜(−4,−4)
 ""
D˜(−4, 0)
 ""
D˜(−4, 4)

D˜(−5,−14)

D˜(−5,−10)

D˜(−5,−6)

D˜(−5,−2)

D˜(−5, 2)

..
.
..
.
..
.
..
.
..
.
Table 1. Realizing the non-orientable constructions of Theorem 1.6, start-
ing with Example 4.8. The vertical arrows represent gluing in a Mo¨bius
strip with three Cone(Lu) singularities via §4.4(b), and the diagonal arrows
represent resolving a Cone(Lu) singularity via Proposition 4.6.
5. D˜(1,−2) is not rationally convex
In this section we prove that D˜(1,−2), the disk bundle with Euler number −2 over the
real projective plane, is not diffeomorphic to a strictly pseudoconvex domain in C2 with
rationally convex closure. Suppose by contradiction that D ⊂ C2 is such a domain. We first
observe that Proposition 4.6 and Theorem 3.4 immediately imply the following theorem,
since resolving the singularity would yield a Lagrangian Klein bottle in C2.
Theorem 5.1. There is no Lagrangian embedding of RP2 with one Cone(Lu) singularity
in (R4, ωstd).
By Theorem 2.2 and Remark 2.3 we can assume that D has a strictly plurisubharmonic
defining function φ such that the symplectic form ωφ extends to a Ka¨hler form ωext on
C2 which is standard outside of a compact set. Using symplectic cut-and-paste techniques
(see for example [OS, §7]), we will contradict the following theorem of Gromov, refined by
McDuff [Gro,McD1] (see also chapter 9 of [MS]).
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Theorem 5.2. (Gromov–McDuff) Let (V, ω) be a connected symplectic 4-manifold which
is symplectomorphic to (R4, ωstd) outside of a compact set and which contains no symplec-
tically embedded 2-spheres with self-intersection number −1. Then (V, ω) is symplectomor-
phic to (R4, ωstd).
Remark 5.3. Note that if we drop the assumption about 2-spheres, the theorem still im-
plies that (V, ω) has negative definite intersection form, since we can always symplectically
blow-down a collection of spheres to achieve minimality.
The contact structure ξ := ker dcφ on M := ∂D is Stein fillable and therefore tight.
A straightforward exercise in Kirby Calculus or plumbing calculus [Neu] shows that M is
Seifert fibered over S2 with three two-fold exceptional fibers. For example, a single R2
move (with δ = δ1 = δ2 = −1) from [Neu] shows that M has a plumbing diagram with four
vertices, the first of degree three and labeled by −1, and the latter three of degree one and
labeled by −2 (each vertex corresponds to a circle bundle over S2). On the other hand,
we recall that Seifert fibered 3-manifolds with base S2 and exactly three singular fibers are
called small, and the notation M(e0; r1, r2, r3) with r1 ≥ r2 ≥ r3 refers to the manifold
with surgery diagram consisting of four circles labeled by e0,− 1r1 ,− 1r2 ,− 1r3 respectively.
Here the latter three circles are each linked once with the first circle and are otherwise
unlinked (see Figure 1 of [GLS]), and hence we identify the plumbing picture of M with
M(−1; 1
2
, 1
2
, 1
2
). One can also observe the Seifert structure on M explicitly by identifying
M with the projectivized cotangent bundle of RP2. The standard circle action on S2 by
rotations descends to RP2 and then lifts to the circle action on M .
Remark 5.4. As pointed out in [GLS, §4], M with the opposite orientation is diffeomorphic
to the link of the D4 singularity.
By the results of that paper (see Corollary 4.11 and the remark at the end of §4), there is a
unique positive tight contact structure on M up to contactomorphism. In particular, (M, ξ)
has an exact symplectic filling X given by a suitable strictly pseudoconvex neighborhood of
any Lagrangian RP2 with one Cone(Lu) singularity embedded in a Ka¨hler surface. Example
5.5 gives one such construction.
Example 5.5. Let A be a compact Mo¨bius strip, and let l denote the core circle of A. Then
the conormal bundle ν∗(l) of l is a Lagrangian Mo¨bius strip in D(T ∗A) with Legendrian
boundary in S(T ∗A). Now attach an abstract Morse–Bott symplectic handle ([Joh], see also
[AS, §3a] for a concise description) with core S1×I to the disjoint union of B4 and D(T ∗A)
along Lu and ∂L respectively. Take X to be the resulting Liouville domain obtained after
smoothing the corners. Notice that the three pieces Cone(Lu), ν
∗(l), and S1 × I combine
to give an embedded Lagrangian RP2 with one Cone(Lu) singularity.
We can now form a new symplectic manifold C˜2 = (C2 \ D) ∪ X by excising D from
(C2, ωext) and symplectically gluing in X. Since X and D are both diffeomorphic to
D˜(1,−2), which is a rational homology ball, it follows that H2(C˜2;R) = 0. By Theo-
rem 5.2, C˜2 is symplectomorphic to (R4, ωstd), contradicting Theorem 5.1.
6. D˜(0, 0) is not rationally convex
In this section we complete the proof of Theorem 1.6 by showing that the (co-)tangent
unit disk bundle of the Klein bottle is not diffeomorphic to a rationally convex strictly
pseudoconvex domain in C2. We follow a similar outline to the previous section. Suppose
by contradiction that D ⊂ C2 is a rationally convex disk bundle with D ∼= D˜(0, 0). By
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Theorem 2.2 and Remark 2.3 we can assume that D has a strictly plurisubharmonic defining
function φ such that the symplectic form ωφ extends to a Ka¨hler form ωext on C2 which is
standard outside of a compact set.
As in the previous section, the contact structure ξ := ker dcφ on M := ∂D is Stein fillable
and therefore tight. Note that M can be smoothly identified with the torus bundle over
the circle with monodromy −id, i.e.
{(x1, x2, t) ∈ R/Z× R/Z× R/(2Z)}/〈(x1, x2, t) 7→ (−x1,−x2, t+ 1)〉.
By the work of Giroux and Honda, the tight contact structures on M up to contactomor-
phism have been classified and lie in two infinite families.
Theorem 6.1. (Giroux [Gir], Honda [Hon]) Up to contactomorphism, the tight contact
structures on M are given by
αm = ker (sin(pimt)dx1 + cos(pimt)dx2) , m = 1, 3, 5, 7, ...
βn = ker (sin(2pinx1)dx2 + cos(2pinx1)dt) , n = 1, 2, 3, 4, ...
On the other hand, by the work of Kanda [Kan] the contact structures on T3, viewed as
{(x1, x2, t) ∈ R/Z× R/Z× R/Z},
are given (up to contactomorphism) by
γm = ker (sin(2pimt)dx1 + cos(2pimt)dx2) , m = 1, 2, 3, 4, ...,
with only γ1 admitting a Stein filling by a result of Eliashberg [Eli2]. Since we can pull
back the Stein structure on D by the double cover D(T ∗T2) → D(T ∗K2), we see that ξ
pulls back to a Stein-fillable contact structure on T3, i.e. γ1. From this it easily follows
that either ξ ∼= α1 or ξ ∼= β1.
Observe that β1 is the canonical contact structure on S(T
∗K2). Namely, using (t, x2)
coordinates on R× S1, the canonical contact structure on S(T ∗(R× S1)) is cos(2pix1)dt+
sin(2pix1)dx2, with x1 the natural coordinate on the fiber. Viewing K2 as R×S1 quotiented
by the Z-action generated by (t, x2) 7→ (t+1,−x2), this contact structure is invariant under
the induced action on S(T ∗(R × S1)) and descends to precisely β1. Therefore in the case
ξ ∼= β1 we can cut out D from (C2, ωext) and symplectically glue in D(T ∗K2). By Novikov’s
signature additivity, the signature of the re-glued manifold is zero. Theorem 5.2 then
implies that it is symplectomorphic to (C2, ωstd), and yet it contains a Lagrangian K2
(since D(T ∗K2) does), contradicting Theorem 3.4.
In the case ξ ∼= α1, we use the following proposition. Note: from now on all homology is
taken with real coefficients.
Proposition 6.2. The contact manifold (M,α1) admits an exact symplectic filling X such
that H1(X) ∼= 0.
Deferring the proof of Proposition 6.2 for a moment, let C˜2 denote the symplectic man-
ifold obtained by removing D from (C2, ωext) and symplectically gluing in X as in the
proposition. Also, let X ′ := C2 \D. From the Meyer–Vietoris exact sequence
H3(C2) //
∼=
H2(∂D)
∼=
// H2(D)⊕H2(X ′)
∼=
// H2(C2)
∼=
0 R 0 0
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we see that H2(X
′) ∼= R. Similarly,
H2(C2) //
∼=
H1(∂D)
∼=
// H1(D)⊕H1(X ′)
∼=
// H1(C2)
∼=
0 R R 0
shows that H1(X
′) ∼= 0. Let d = dimRH2(X). Then from the exact sequence
H2(∂X) //
∼=
H2(X)⊕H2(X ′)
∼= ∼=
// H2(C˜2) // H1(∂X)
∼=
// H1(X)⊕H1(X ′)
∼=
R Rd R R 0⊕ 0
we have dimRH2(C˜2) ≥ 1 + d. It follows from Theorem 5.2 (and the remark following it)
that C˜2 has signature σ(C˜2) ≤ −1− d.
On the other hand, we can compute the signature of C˜2 using Novikov’s additivity
formula. Namely, since σ(D) = σ(C2) = 0, we must have σ(X ′) = 0, and therefore
σ(C˜2) = σ(X) + σ(X ′) ≥ − dimRH2(X) ≥ −d, a contradiction. This concludes the proof
of Theorem 1.6, modulo the proof of Proposition 6.2.
Proof of Proposition 6.2. We use the identifications
D(T ∗T2) = {(x1, x2, r1, r2) ∈ R/Z× R/Z× R× R : r21 + r22 ≤ 1}
S(T ∗T2) = {(x1, x2, sin(2pit), cos(2pit)) : t ∈ [0, 1)} ⊂ D(T ∗T2)
and let λ = r1dx1 +r2dx2 be the canonical Liouville 1-form on D(T
∗T2) with dual Liouville
vector field Xλ = r1∂r1 + r2∂r2 . Note that λ restricted to S(T
∗T2) induces the contact
structure γ1, and we can identify (M,α1) with the quotient of (T3, γ1) under the involution
I : S(T ∗T2)→ S(T ∗T2) given by
I(x1, x2, t) = (−x1,−x2, t+ 1/2).
Observe that I naturally extends to an involution I˜ : D(T ∗T2)→ D(T ∗T2),
I˜(x1, x2, r1, r2) = (−x1,−x2,−r1,−r2),
which preserves λ, and therefore λ descends to the quotient Xs := D(T
∗T2)/I˜ as a primitive
of a symplectic form with four A1-type singularities, which we can resolve to get an exact
filling.
More precisely, I˜ has four isolated fixed points,
{(0, 0, 0, 0), (1/2, 0, 0, 0), (0, 1/2, 0, 0), (1/2, 1/2, 0, 0)},
and the Z/2-action becomes free if we remove a small invariant neighborhood of each fixed
point. Namely, taking representatives for x1 and x2 in [−1/2, 1/2), for sufficiently small 
we can identify the neighborhood
U(0, 0, 0, 0) := {(x1, x2, r1, r2) : x21 + x22 + r21 + r22 < }
of the fixed point (0, 0, 0, 0) with a four-dimensional ball whose interior and boundary are
preserved by I˜. Moreover, the Liouville vector field Xλ is outwardly transverse along the
boundary of U(0, 0, 0, 0), i.e. λ restricts to a positive contact structure on ∂U(0, 0, 0, 0).
Let U denote the union of U(0, 0, 0, 0) with similar neighborhoods of the other three fixed
points of I˜. Then (D(T ∗T2) \ U)/I˜ is naturally a smooth manifold and λ descends to
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a primitive of a symplectic form with one convex end, identified with (M,α1), and four
concave ends, each identified with the quotient of the tight contact structure on S3 by Z/2.
Each of the concave ends is therefore contactomorphic to the standard contact structure
on RP3, which has D(T ∗S2) as a Stein filling. We can therefore symplectically glue in a
copy of D(T ∗S2) along each concave end, and the result is an exact symplectic filling X of
(M,α1).
Finally, we show that H1(X) ∼= 0. It suffices to show that H1(Xs) ∼= 0, since removing
a point and gluing in a copy of D(T ∗S2) does not affect H1. The involution I˜ commutes
with the deformation retraction of D(T ∗T2) onto its zero section given by
(x1, x2, r1, r2) 7→ (x1, x2, τr1, τr2), τ ∈ [0, 1],
and hence Xs deformation retracts onto the quotient of the zero section by I˜, which is the
quotient of T2 by x 7→ −x, i.e. S2. It follows that H1(Xs) = 0.
7. Open Whitney umbrellas
The open Whitney umbrella is an isolated singularity of a Lagrangian surface, first
discovered by Givental [Giv] (see also [Aud]). A local model for it can be parametrized in
(R4q1q2p1p2 , ωstd = dq1 ∧ dp1 + dq2 ∧ dp2) by
F : R2 → R4
F (t, u) = (q1, q2, p1, p2) = (t
2, u, tu, 2
3
t3).
Equivalently, it has a wavefront diagram in R3q1q2z parametrized by
(q1, q2, z) = (t
2, u, 2
3
t3u).
This singularity is particularly important because of the following result.
Theorem 7.1. (Givental [Giv]) Let Σ be a surface. In the space of C∞ isotropic maps
Σ→ (R4, ωstd), the subset of immersions with open Whitney umbrellas is open.
The following proposition shows that Cone(Lu) singularities can always be replaced by
open Whitney umbrellas, and vice versa.
Proposition 7.2. There is a symplectic automorphism of (R4 \ {0}, ωstd) which sends the
model open Whitney umbrella (the image of F minus the origin) to the model Cone(Lu)
singularity {tx : x ∈ Lu, 0 < t <∞}.
Proof. There is a primitive λ for ωstd given by
λ :=
1
5
(2q1dp1 − 3p1dq1 + 2q2dp2 − 3p2dq2) ,
with ωstd-dual Liouville vector field given by
X =
1
5
(2q1∂q1 + 3p1∂p1 + 2q2∂q2 + 3p2∂p2) .
Observe that X vanishes at the singular point of F and is otherwise tangent to the image
of F . Indeed, we have
F∗(t∂t + 2u∂u) =
(
2t2∂q1 + tu∂p1 + 2t
3∂p2
)
+ (2u∂q2 + 2tu∂p1)
= 2q1∂q1 + 3p1∂p1 + 2q2∂q2 + 3p2∂p2
= 5X.
18
Let λrad =
1
2
(q1dp1 − p1dq1 + q2dp2 − p2dq2) be the Liouville 1-form with ωstd-dual Liou-
ville vector field Xrad =
1
2
(q1∂q1 + p1∂p1 + q2∂q2 + p2∂p2). Let Φ be a contactomorphism
from (S3, λ) to (S3, λrad). After deforming the first S
3 by a radial isotopy we can assume
that Φ is a strict contactomorphism. Then Φ extends uniquely to a symplectomorphism
(R4 \ {0}, ωstd) → (R4 \ {0}, ωstd) which is equivariant with respect to the flows of X and
Xrad respectively. The composition of this symplectomorphism with F is tangent to Xrad
and hence is the cone over some Legendrian L. In fact, by a simple change of coordi-
nates we can identify the image of F with the total space of the conormal bundle of the
semicubical parabola in R2. As a smooth knot, L therefore differs from the unknot by a
single twist, and in particular is unknotted. It is also not difficult to see from F that tb(L)
equals −2 (cf. the proof of Theorem 2 in [Giv]). By the Thurston–Bennequin inequality
and parity considerations or directly by [Giv, §4], we must have rot(L) = ±1 and by the
Eliashberg–Fraser theorem [EF] this uniquely characterizes the Legendrian isotopy class of
Lu. 
Thanks to Proposition 7.2, the constructions in §4.5 together with Theorems 3.4 and
5.1 resolve a question initially posed and partially solved by Givental in [Giv], asking
which surfaces embed as Lagrangians in (R4, ωstd) with a given number of open Whitney
umbrellas.
Theorem 7.3. A closed surface Σ of Euler characteristic χ embeds as a Lagrangian in
(R4, ωstd) with k open Whitney umbrellas if and only if the pair (χ, e = −χ−k) is compatible
with Theorem 1.6, i.e. if and only if
• k = −χ and χ 6= 2 if Σ is orientable
• (χ, k) 6= (1, 1) or (0, 0) and k ∈ {4− 3χ,−3χ,−3χ− 4, ..., χ+ 4− 4bχ/4 + 1c} if Σ
is non-orientable.
Remark 7.4. Many constructions of Lagrangian surfaces with open Whitney umbrellas
are present, at least implicitly, in the work of Givental [Giv] and Audin [Aud]. Namely,
applying Lagrangian surgery twice to the real projective plane with two self-intersection
points and one umbrella shown in Figure 5(b) of [Giv], we get an example with χ = −3
and k = 1. Starting with either this or a torus, we can:
• repeatedly attach a disorienting handle with two umbrellas (this lowers χ by 2),
• intersect our surface with a torus at two points, and then resolve the intersections
using Lagrangian surgery.
Together these generate every orientable case in Theorem 7.3 and every non-orientable case
with χ ≤ −2 and k ≤ −χ.
Givental also conjectured that Gromov’s celebrated theorem on exact Lagrangians in
(R2n, ωstd) holds for surfaces with umbrellas:
Conjecture 7.5. There are no exact Lagrangian surfaces in (R4, ωstd), even if we allow
open Whitney umbrellas.
Note that this conjecture is consistent with Theorem 5.1, since H1(RP2;R) = 0 and
therefore any Lagrangian RP2 is necessarily exact. However, counterexamples to Conjec-
ture 7.5 are implicitly contained in the recent work of Lin [Lin]. He constructs an exact
Lagrangian cap with χ = −3 of the Legendrian unknot with tb = −3 and rot = 0.
Since this Legendrian is the connected sum of two copies of Lu (with opposite rotation
numbers), we get an exact Lagrangian genus two surface with two Cone(Lu) singularities.
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The Cone(Lu) singularities can be replaced by open Whitney umbrellas and the resulting
singular Lagrangian surface will still be exact, contradicting Conjecture 7.5.
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